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1. INTRODUCTION
Suppose that a group A acts coprimely on a finite group G. In this
paper, we continue to explore the interaction between the irreducible
characters of G which are fixed by A and the A-structure of the group G.
Our main interest here is to analyze how the relationship between
 .various A-invariant subgroups of G is reflected by and reflects global
properties of the group and the characters of G.
Although we recover well-known theorems when the action of A is
trivial, we stress that our aim is to discover new interactions between
global and local properties of finite groups.
THEOREM A. Suppose that A acts coprimely on a p-separable group G,
and let H and K be an A-in¨ariant Hall p-subgroup and a p-complement of
G, respecti¨ ely. Then e¨ery A-in¨ariant irreducible character of H extends to G
 .if and only if C A normalizes K.G
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Perhaps the following consequence is surprising.
COROLLARY B. Suppose that A acts coprimely on a p-separable group G,
and let H and K be A-in¨ariant p-Hall and p-complement of G, respecti¨ ely.
 .If C A normalizes H and K, then e¨ery irreducible A-in¨ariant character ofG
G is p-factorable.
As will be discussed below, the fact that the fixed point subgroup
normalizes an A-invariant Hall p-subgroup provides an unexpected
relationship between the A-invariant characters of G and H. Next is the
most notable fact.
THEOREM C. Suppose that A acts coprimely on a p-separable group G,
 .and let H be an A-in¨ariant Hall p-subgroup of G. If C A normalizes H,G
 .then e¨ery a g Irr H is Fong.A
Since the degrees of the Fong characters of Hall p-subgroups are the
 .exact p-part of some irreducible characters of G the Isaacs B -characters ,p
Theorem C is a key tool when studying the degrees of the A-invariant
characters of G. As an example, the approach followed here allows us to
w xremove the solvability hypothesis in the main result of 6 .
THEOREM D. Suppose that A acts coprimely on a p-separable group G,
and let K be an A-in¨ariant p-complement. Then e¨ery A-in¨ariant irreducible
 .  .character of G has p-degree if and only if C A normalizes K and C AG K 9
s 1.
2. THEOREM A, COROLLARY B
 .As usual, if A acts on a group G, we will denote by Irr G the set ofA
 .irreducible characters of G fixed by A. Also, let C s C A be the fixedG
w x w xpoint subgroup. In general, we use the same notation as in 6 and 7 .
Part of the proof of Theorem A depends on the basic properties of the
w xGajendragadkar p-special characters 1 and we assume the reader is
familiar with those. However, we will repeatedly use a deeper fact: an
irreducible character a of a Hall p-subgroup H of a p-separable group G
 .extends to G if and only there exists a p-special x g Irr G such that
w x x s a . This follows from Theorem F of 4 although a much easier proofH
.may be obtained by using the more sophisticated B -characters . Byp
 . w xProposition 6.1 of 1 , we see that a and x uniquely determine one
another. In particular, if we have that an A-invariant irreducible character
a of an A-invariant Hall p-subgroup of G extends to G, we know that a
has an A-invariant p-special extension to G. We will use this fact without
further reference.
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We recall that in a p-separable group G acted coprimely by A, there
 .exist A-invariant Hall p-subgroups and p-complements and any two of
them are C-conjugate this follows, of course, from Glauberman's lemma,
 .  . w x.13.8 and 13.9 of 5 .
This is Theorem A of the Introduction.
 .2.1 THEOREM. Suppose that A acts coprimely on a p-separable group G,
and let H and K be A-in¨ariant p-Hall and p-complement of G, respecti¨ ely.
Then e¨ery A-in¨ariant irreducible character of H extends to G if and only if
 .C A normalizes K.G
Proof. Suppose first that every A-invariant character of H extends to
< <G. We prove that C normalizes K by induction on G .
Let 1 - U be a minimal normal A-invariant subgroup of G. We claim
 .that GrU satisfies the inductive hypothesis. If u g Irr HUrU then uA H
 .is irreducible and A-invariant . By hypothesis, we know that there exists
 .an A-invariant p-special character x g Irr G such that x s u . Now,H H
  . w xby the definition of the p-special characters and Proposition 2.3 of 1 , if
.  .we wish , we see that u considered as a character of HU is p-special. By
 . w xProposition 6.1 of 1 , we have that x is also p-special. Since bothUH
 . w xcharacters extend u , again by Proposition 6.1 of 1 , we have that
 .x s u . In particular, x g Irr GrU and the claim is proven. Hence, byUH
induction, we have that C normalizes UK. In particular, we are done if U
is a p-group. So we may assume that U : H. In this case, we claim that UK
 .satisfies the inductive hypothesis. If w g Irr U is A-invariant, we must
show that w extends to UK. Since U is the normal Hall p-subgroup of UK,
 . w xit is enough to show that w is K-invariant. By Theorem 13.31 of 5 , we
 .  .may choose u g Irr H over w. By hypothesis, there is x g Irr GA
extending u . Since, in particular, x has p-degree and lies over w, by the
Clifford correspondence, if T is the inertia group of w in G, we have that
< <G : T is a p-number. Since C normalizes UK, this means that GrU has a
unique A-invariant p-complement. Since TrU contains some A-invariant
p-complement of GrU, we deduce that K : T. This shows that UK
satisfies the inductive hypothesis, as claimed. If UK - G, by induction, we
have that K is the unique A-invariant p-complement in UK. Since C
 .normalizes UK and all A-invariant p-complements are C-conjugate , it
follows that K is the unique A-invariant p-complement of G. In the
remaining case, we have that UK s G and therefore U s H is normal in
G. In this case, the hypothesis tells us that every A-invariant character of
 . w xH is K-invariant. Since AK acts coprimely on H, by Lemma 2.2 of 6 , we
 .  .  . .have that C A : C K . Since C s C l H C l K , this completesH H
the first half of the theorem.
We now assume that C normalizes K and prove that every A-invariant
< <irreducible character n of H extends to G by induction on G .
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p  .Suppose first that L s O G - G. Then C l L normalizes K and, by
induction, every A-invariant irreducible character of H l L extends to L.
 .Let d g Irr H l L be an irreducible constituent of n and letA H l L
Ã G L .  .  .d g Irr L be the p-special extension of d . Since n s n weA L H l L
G Ãmay find an irreducible constituent j of n lying over d . Since GrL is a
Ãp-group and d is p-special, we have that j is a p-special character. Since
j lies over n , we have that j s n and the theorem is proven in this case.H
p  . p 9 .So we may assume that O G s G and let M s O G - G. By induc-
 .tion, we have that there exists a p-special A-invariant n g Irr M extend-Ã A
ing n . Since GrM is a p 9-group and n is p-special, it suffices to show thatÃ
n is G-invariant. Since H : Me G, by the Frattini argument, it suffices toÃ
 .show that n is N H -invariant. But, since n and n uniquely determineÃ ÃG
 .one another, we see that it suffices to show that n is N H -invariant.G
 .  . w  .xSince C l N H normalizes N H , it follows that C l H, N H :G K K
 . w xK l H s 1. By Lemma 2.2 of 6 , it follows that every A-invariant
 .irreducible character of H is N H -invariant. This completes the proof ofK
the theorem.
Now we can prove Corollary B of the Introduction.
 .2.2 COROLLARY. Suppose that A acts coprimely on a p-separable group
G, and let H and K be A-in¨ariant p-Hall and p-complement of G, respec-
 .ti¨ ely. If C A normalizes H and K, then e¨ery irreducible A-in¨ariantG
character of G is p-factorable.
< <  .Proof. We argue by induction on G . Let x g Irr G , let GrN be aA
 .chief factor of GA, and let u g Irr N be under x . By symmetry, we mayA
assume that GrN is a p-group, for instance. Then H l N and K are
A-invariant Hall p-subgroup and p-complement of N and certainly C l N
normalizes both of them. By induction, we have that u is p-factorable, i.e.,
we may write
u s u u ,p p 9
where u is p-special and u is p 9-special. By the uniqueness of thep p 9
Gajendragadkar decomposition, u and u are both A-invariant. Byp p 9
 . w xCorollary 2.7 of 2 , it suffices to show that u is G-invariant.p 9
 .  .Since u is p 9-special, we have that u s a g Irr K . Since Cp 9 p 9 K A
normalizes H, by Theorem A, we have that a extends to G. In particular,
 .  .we may find a g Irr G be a p 9-special extension of a . Now, a is aÃ ÃA N
p 9-special extension of a to N. By the uniqueness of the p-special
 .extensions, it follows that u s a . Hence, u is G-invariant, asÃp 9 N p 9
required.
ACTIONS AND CHARACTER DEGREES 145
3. REVIEWING p-THEORY
Suppose that G is a p-separable group and let G0 be the set of
 .p-elements of G. If cf G is the space of class functions defined on G over
 . 0 0the complex numbers and x g cf G , we denote by x s x the restric-G
tion of x to G0.
w x  .  0M. Isaacs 2 proved the remarkable fact that the set I G s x N x gp
 . 0 0 0  .4Char G and x is not of the form a q b , for a , b g Char G is a
 0.basis of cf G , the space of class functions defined on p-elements. When
 4  .  .p s p9 , we have that I G s IBr G and p-theory is just modularp
representation theory of p-solvable groups. In this case, Isaacs theorem
follows from Fong]Swan.
 .The elements of the set I G are called the irreducible p-partialp
characters of G.
Although the existence of the basis of p-partial characters may be
w xproved in a more direct way, in his first proof in 2 , Isaacs constructed a
canonical subset
B G : Irr G .  .p
lifting the irreducible partial characters. The deeper fact here was that
normal irreducible constituents of liftings were again liftings more pre-
cisely, normal irreducible constituents of B -characters are B -characters,p p
 . w x.Theorem 7.5 of 2 . This approach allowed us to prove the Clifford
w xtheory for p-partial characters 3, Section 3 .
A key ingredient of p-theory is the existence of the so-called Fong
 .characters. If w g I G and H is a Hall p-subgroup of G, an irreduciblep
constituent a of the ordinary character w is said to be a Fong characterH
 .  .  w x w x.associated with w if a 1 s w 1 . It turns out see 2 and 3 that thep
irreducible constituents of minimum degree of w are precisely the FongH
w x  .characters associated with w. In fact, w , a s 1 and if w / m g I G ,H p
w x then m , a s 0. In particular, a uniquely determines w but notH
.conversely .
4. THEOREM C
This is Theorem C of the Introduction.
 .4.1 THEOREM. Suppose that A acts coprimely on a p-separable group G,
 .and let H be an A-in¨ariant Hall p-subgroup of G. If C A normalizes H,G
 .then e¨ery a g Irr H is Fong.A
 . < <Proof. Let a g Irr H . We prove that a is Fong by induction on G .A
 .Let u g I G over a . If u has p-degree, then u s a and we are donep H
in this case.
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So we may assume that u has not p-degree. We claim that there exists
an A-invariant normal subgroup of G such that u is not homogeneous.N
Although this is a well-known fact, let us outline the proof for the reader's
convenience. It is enough to show that if an irreducible p-partial character
u of G is homogeneous in a normal series of G with p- or p 9-group
< <factors, then u has p-degree. This can be proved by induction on G using
 . w xLemma 3.1 of 3 . The claim, then, follows.
Let M s H l N and, by Glauberman's lemma, choose an A-invariant
irreducible constituent b of a . By the inductive hypothesis, b is Fong inM
 .  .N, belonging say to w g I N . Let T be the stabilizer of w in G andp
note that w lies under u because u lies over b and w is the unique
.irreducible p-partial character of N lying over b . Therefore, T - G. Also
 .w is A-invariant because it is uniquely determined by b and thus, T is
also A-invariant.
Let S be the stabilizer of b in H and note that S : T l H again,
.because b uniquely determines w . By the Clifford correspondence, note
that there is an A-invariant irreducible character g of T l H that lies
over b and induces a the Clifford correspondent of a over b induced up
.to T l H . We claim that T l H is a Hall p-subgroup of T. Since T l H
is an A-invariant p-subgroup of T , it follows that T l H : J : T , where J
is an A-invariant Hall p-subgroup of T. Now, since J is contained in some
A-invariant Hall p-subgroup of G and H is the unique A-invariant Hall
p-subgroup of G, it follows that J s T l H, as claimed. Now, by the
inductive hypothesis applied to T , we know that g is Fong in T , belonging
 .  . Gsay to j g I T . Since j lies over b , it lies over w, and thus h s jp
 .lies in I G . Now, h lies over j , hence over g , and hence over a . Also,p
< < < <a 1 s g 1 H : T l H s j 1 G : T s h 1 .  .  .  .pp p
and thus a is Fong for h.
5. THEOREM D
w x w xFollowing the notation in 6 and 7 , we write
cd G s x 1 N j g Irr G . 4 .  .  .A A
Before proving Theorem D, it is convenient to prove the following result
separately.
 .5.1 THEOREM. Suppose that A acts coprimely on a p-separable group G,
 .and let H be an A-in¨ariant Hall p-subgroup. If cd G is a set of p-numbersA
 .then e¨ery a g Irr H extends to G.A
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 . < <Proof. If a g Irr H , we argue by induction on G that a extendsA
to G.
Let N be a maximal normal A-invariant subgroup of G. Since each
A-invariant irreducible character of N lies under some A-invariant irre-
 .ducible character of G, we have that cd N is a set of p-numbers.A
Assume first that GrN is a p 9-group. Then, H : N and, by induction,
 . there is a g Irr N extending a to assure that our extension is A-Ã A
invariant, as usual, we choose a to be the unique p-special extension of aÃ
.  .  .to N . Now, if x g Irr G lies over a , since x 1 is a p-number and GrNÃA
is a p 9-group, we have that x s a and then x s a . So in this case theÃN H
theorem is proven.
 .Suppose now that GrN is a p-group. Let n g Irr H l N be anA
 .irreducible constituent of a . By induction, let n g Irr N be theÃH l N A
unique p-special extension of n to N. If T is the inertia subgroup of n inÃ
G, by uniqueness, we have that T l H is the inertia subgroup of n in H.
 .So let j g Irr T l H be the Clifford correspondent of a over n . ByA
 . w xCorollary 4.2 of 2 , we have that restriction defines a bijection
Irr T N n ª Irr T l H N n . .  .Ã
 .  .Finally, let d g Irr T N n be the unique irreducible character in Irr T N nÃ Ã
satisfying d s j . Now,T l H
HG Hd s d s j s a , .  .H T l H
as required.
Now we are able to prove Theorem D of the Introduction. This removes
w x w xthe solvability assumption in the main result of 6 . As defined in 6 , we
 .  4say that a group G acted coprimely by A is A-abelian if cd G s 1 . InA
w x  .6 we proved that G is A-abelian if C A is an abelian complement ofG
w x  .G, A in G. It is easy to check that this is equivalent to C A s 1.G9
 .5.2 THEOREM. Suppose that A acts coprimely on a p-separable group G,
and let K be an A-in¨ariant p-complement. Then e¨ery A-in¨ariant irreducible
 .  .character of G has p-degree if and only if C A normalizes K and C AG K 9
s 1.
Proof. Let H be an A-invariant Hall p-subgroup of G. Suppose first
 .  .that cd G is a set of p-numbers. By Theorem 5.1 , we have that everyA
A-invariant irreducible character of H extends to G. Therefore, by
 . w xTheorem A, we have that C normalizes K. By Lemma 2.4 of 6 , we only
need to prove that every A-invariant irreducible character of K is linear. If
 .a g Irr K by Theorem C, we have that a is Fong. So there exists anA
 .  .irreducible p 9-partial character w such that w 1 s a 1 . Since ap 9
uniquely determines w, we have that w is A-invariant. But now, if
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 .x g Irr G is a canonical B -lifting of w, by uniqueness, we have that x isp 9
 .A-invariant. Hence, x 1 is a p-number, and therefore w has p-degree.
 .Hence, a 1 s 1, as desired.
w xNow we assume that C normalizes K and, in the notation of 6 , that K
 .is A-abelian. We prove that cd G is a set of p-numbers by inductionA
< <on G .
 .Given x g Irr G , let U be maximal among those normal A-invariantA
subgroups of G such that the irreducible constituents of x are p-U
 .factorable. Let u g Irr U be an irreducible constituent of x . FirstA U
of all, we notice that we may assume that U - G. Otherwise, x is
p-factorable. In this case, if t is the p 9-part of x , by the uniqueness of the
 . w x.Gajendragadkar decomposition 7.1 of 1 , we have that t is A-invariant.
 . w x  .Hence, by 6.1 of 1 , we have that t g Irr K . Since k is A-abelian,K A
 .then t 1 s 1 and thus x has p-degree.
 .Now we claim that UK s G. Otherwise, if g g Irr UK N u by induc-A
tion, g has p-degree and therefore g s u . Hence, the inertia subgroup TU
 .of u in G contains K and thus it has p-index . If T - G, then T satisfies
the hypothesis and by the Clifford correspondence, we will have that x has
p-degree. In the other case, u is G-invariant and thus, by uniqueness of
the Gajendragadkar decomposition, so are its p-part and its p 9-part. But
 . w xthen, if VrU : GrU is any chief factor of GA, by Proposition 2.7 of 2 ,
every irreducible character of V lying over u is p-factorable. This contra-
dicts the maximality of U. Hence, we have that UK s G, as claimed. In
particular, H : U.
 .Now, if u is the p-part of u , we have that a s u is irreducible, byp p H
 . w xProposition 6.1 of 1 . Now, by Theorem A, a has a p-special extension j
to G. But then j is irreducible and p-special and, by uniqueness, weU
conclude that j s u . In particular, u is G-invariant. By PropositionU p p
 . w x2.7 of 2 , we have that x is p-factorable and this is a contradiction with
the fact U - G.
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